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Answer any five questions.

1. (a) Consider a real scalar field with the following Lagrangian density:

L =
1

2
(∂µφ)(∂µφ)− 1

2
m2φ2 − g

3!
φ3 − λ

4!
φ4 .

(i) Draw a Feynman diagram for φφ→ φφφ at the tree-level (any one of the possible diagrams
will do). Find the amplitude, including the symmetry factor.
(ii) Suppose φ is in a 3-dimensional (i.e. 2 space and 1 time) space-time, instead of the usual
4. In that case, what should be the mass dimension of g and λ?

(b) Assuming the Wick’s theorem to be true for n fields, show that it must be true for n + 1
fields. Take a real scalar field to prove this.

(c) The electron-photon interaction term in QED is written as −eψ̄γµψAµ. Show, from Wick’s
theorem, that any amplitude with an electron, a positron, and a photon as external legs must
be proportional to an odd power of the electric charge e.

(3+2) + 3 + 2

2. (a) Starting from the Lagrangian density of the free electromagnetic field L = −1
4
F µνFµν , show

that the photon propagator cannot be defined unless the gauge is fixed.

(b) Consider the e+e− → e+e− scattering in QED. Suppose you write the photon propagator
as

− i

q2

(
ηµν −

qµqν
q2

)
,

q being the four-momentum of the photon. Show that the contribution of the second term
(∝ qµqν) to the amplitude vanishes. Keep the electron mass for your calculation.

5 + 5

3. (a) The bilinear covariants are written as ψ̄Γψ, where Γ can be any one of the 16 matrices:

Γ = {1, γµ, σµν , γµγ5, γ5} .

Show that
16∑
i=1

aiΓi = 0



necessarily means all ai to be equal to zero. You can use the trace theorems for the γ-matrices.

(b) The matrix σµν is defined as σµν = i
2
[γµ, γν ]. Show that

i

2m
ūf σ

µν(pf − pi)ν ui = ūf γ
µ ui −

1

2m
ūf (pi + pf )

µ ui ,

where ui and uf are on-shell momentum space spinors for some fermion of mass m, with four-
momenta pi and pf respectively.

5 + 5

4. (a) Show that the free propagator for the real scalar field φ is the Green’s function for the
Klein-Gordon equation, i.e.,(

∂µ∂
µ +m2

)
∆(x− x′) = −iδ4(x− x′)

with ∆(x− x′) = 〈0|T (φ(x)φ(x′)|0〉 . The symbols carry their usual meanings.

(b) Draw the Feynman diagrams (at the lowest order) for the scattering e−γ → e−γ. Show
that the total amplitude is invariant under U(1)em gauge transformation. Do not neglect the
electron mass.

5 + (1+4)

5. (a) Find the expression for the field strength tensor F a
µν from [Dµ, Dν ] = igT aF a

µν , where Dµ is
the covariant derivative of SU(N), g is the SU(N) coupling constant and T a’s are the SU(N)
generators.

(b) Consider the Lagrangian L = ψ̄ (iγµD
µ −m)ψ where Dµ = ∂µ+ igTaG

a
µ and g is the gauge

coupling. Make a local transformation ψ → ψ′ = U(x)ψ, Ga
µ → G′aµ . Show that the condition

for invariance of L is TaG
′a
µ = i

g
(∂µU)U−1 + UTaG

a
µU
−1. Use an infinitesimal transformation

ψ′ = ψ − igβa(x)T aψ to show that G′aµ = Ga
µ + ∂µβ

a + gfabcβbGµc where [Ta, Tb] = ifabcTc.
4 + (3+3)

6. (a) An infinitesimal proper Lorentz transformation (on a 4-vector) can be written as Λµ
ν =

δµν + ωµν . Show that ωµν is an antisymmetric tensor. How many independent components does
it have? Show that the above set of transformations form a group.

(b) Write down the commutators [Ki, Kj] and [Ji, Kj], where Ji and Ki are the rotation and
the boost generators respectively. Given J±i = 1

2
(Ji ± iKi), what are Kis for the (1

2
, 0) rep-

resentation and the (0, 1
2
) representations? Which operation interchanges the (1

2
, 0) and (0, 1

2
)

representations?
5 + 5

7. (a) Consider the Lagrangian for a complex scalar field :

L = (∂µφ)†(∂µφ)−m2φ†φ− λ

4!
(φ†φ)2 ,

with m2 < 0 and λ > 0. Let |〈0 |φ | 0〉| = v. Check that redefining φ = v + (ξ + iη)/
√

2 would
lead to a real massless scalar field and a massive neutral scalar field with correct sign of the
mass term.

(b) Consider now the U(1) gauged version of the above Lagrangian, called scalar electrody-
namics. Show how a gauge field picks up mass due to spontaneous symmetry breaking.

4 + 6


