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Paper : PHY-413
(Quantum Mechanics-1)
Full Marks : 50

The figures in the margin indicate full marks.

Candidates are required to give their answers in their own words
as far as practicable.

Answer any five questions.

An operator A, corresponding to a physical quantity a, has two normalized eigenfunctions w,;(x) and

v~ (x) . with eigenvalues a; and a,. An operator B, corresponding to another physical quantity 5,
has normalized eigenfunctions ¢,(x) and ¢,(x), with eigenvalues B; and f3,. The eigenfunctions are

related via

Y1 = (26;+30)/V13
vy = (3 —202)/V13

B is measured on some state and the value B, is obtained. If a is then measured and then f again,
find the probability of obtaining B, a second time.

In a harmonic oscillator in three dimensions, the energy eigenvalues can be written as (n + 3/2)ho
where n = n; + n, + ny and the corresponding eigenfunction can be written as Yo,y 1, (x,y,2).
Determine how the wave function changes under parity operator for a given value of n. You can
use the knowledge of the eigenfunctions for the one dimensional harmonic oscillator.

Determine the degeneracy of a 2-dimensional harmonic oscillator for the nth eigenstate with energy
E, = (n~+ o.

Use the virial theorem to determine the expectation value of the kinetic energy in a 3-dimensional
harmonic oscillator. 4+2+2+2

Consider the infinite square well potential in 1 dimension with a delta function hump in the middle
such that V(x) = = for x > a and x < —a, and V(x) = N3(x) otherwise.

What are the conditions to be satisfied by the wave function in such a potential? Solve the problem
exactly 1o find the energy eigenvalues. Solution may be in terms of a transcendental equation.

Explain whether the value of the matrix element ( 200 “J:i 200 ) will be zero without doing actual

calculation Here, |n, {, m) is an energy ecigenstate of the hydrogen atom.
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Consider a correction to the potential energy of the hydrogen atom in the form

Viir) = v(r) + é 0 VIV 4

where 1'(r) 1s the electrostatic potential. If the second te

rm is treated as a perturba
correction to the energy for the 2P level of hydrogen a

tom in first order?

Consider the potential V(x) = ag |x|. Do you expect the eigenfunctions to have
Justity.

For the above potential, apply the variational method usi
an estimate of the ground state energy.

ng a Gaussian trial wave fi
Suppose a photon is in a state |y). Consider the operator Py =|w) (y|
Argue that Py is hermitian.

Show that the expectation value of a physical quantity represented by the
(Q)=Tr(R,0).

For two identical spin 1/2 particles, compute $1.8, for the spin triplet and singlet :

The Hamiltonian for the two particles is given by H = H\(r)) + Hy(ry) + V (|1

H, (H,) is the Hamiltonian for the first (second) particle in absence of the other,
1dentical in form.

Show that the total energy can be written as E +E, + E +J where E; are eigenve

and £ and J are integrals involving ¥, and the + signs are for the singlet and trip

rewrite the energy in terms of s,.s,.

Consider a particle in a spherical well such that
Wry =0;r>R
=—Vy; r<R

o I |

: : nh ; _
Show that a bound state is possible only if Vo 2 i for / = 0.
mR-
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If we write the angular momentum operators in spherical polar co-ordinates, We ¢
l'7 s (‘1
L,=ih|—cos¢ — + cotOsind —
> 0 O
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Applying the commutator of these operators on an arbitrary function of 0 and ¢ , show that
W
L.=1h|sing — + cotO cosd L .
' 06 50

(b) Calculate the Clebsch-Gordan coefficients for Ji=1andj, = 1/2.

(¢) Work out the commutation relations [E.E, [,2:’ and [z.gg J’,J. 442+4

. The Co-ordinate representation of the momentum operator ( 2 ) for a [-dimensional system is

d
= —ih —.
£ dx

(@) Which of the following statements is correct ?
Statement 1 : (x|p|y) = (x|-ih —gc—iw)
Statement 2 : (x[glw) = —ih f;(x]lp)
(b) Show that, for a 1-dimensional “box” with periodic boundary conditions, the momentum operator is

hermitian.
(c) What is the most general boundary condition that will make the momentum operator hermitian for
the 1-dimensional “box”? 2-+4+4

- The n™ excited state of a simple harmonic oscillator js given, in terms of the ground state |0), by the

relation
T n
4

n!

|n) =

(@) Show that these states are properly normalized, i.e., (n|n)=1.
(b) Show that (n|afa|n)=n.

(¢) Starting from the definition of the ground state, a|0)=|Q) where |2) is the nul] vector, and using

the expression a o P — imox, find the ground state wave function in the co-ordinate representation
3+3+4



